Introduction
Let M = M 2n+1 be a strictly pseudoconvex CR manifold of dimension 2n + 1, where n ≥ 1 denotes the CR dimension of M. The standard model for such a CR manifold is a sphere S 2n+1 in C n+1 . The CR structure of M, near any point p ∈ M, can be locally approximated by that of a sphere. (The reader is referred to the paper by Chern and Moser [4] for precise statements and details.) If n ≥ 2, then the generic order of this spherical approximation is 3 and the obstruction to higher order approximation is the nonvanishing of the Cartan-Chern-Moser CR curvature tensor S = S α β µν . If n = 1, then the generic order of the spherical approximation is 5 and the obstruction to higher order approximation is the nonvanishing of Cartan's 6th order invariantQ = Q 11 . Points on M where these obstructions vanish are called (CR) umbilical points. It is well known [4] that M is locally spherical (i.e., locally CR equivalent to a sphere) near a point p ∈ M if and only if M is umbilical in an open neighborhood of p.
The equations for umbilical points for n ≥ 2 are highly "overdetermined", as they are defined by the vanishing of a fourth order curvature tensor on the n-dimensional CR tangent space as the points range over a manifold of dimension 2n + 1; whereas in the case n = 1, the equations are "under-determined", being defined by the vanishing of a single complex-valued "function" on a three dimensional CR manifold. The question of existence of umbilical points on compact, three dimensional CR manifolds (always assumed to be strictly pseudoconvex in this paper) was explicitly raised in [4] . Examples of compact CR manifolds without umbilical points were found by E. Cartan in his classification [3] of homogeneous, three dimensional CR manifolds. By Cartan's work, the only homogeneous, compact examples are given by (1) µ α := {[z 0 : z 1 : z 2 ] ∈ CP 2 : |z 0 | 2 + |z 1 | 2 + |z 2 | 2 = α|z and their covers, which were subsequently classified in [11] as a 4 : 1 cover µ (4) α (diffeomorphic to a sphere; see also below) that factors through a 2 : 1 cover µ (2) α , consisting of the intersection of sphere and a holomorphic quadric in C 3 .
It is an open question whether there exists a compact, three dimensional CR manifold without umbilical points, which embeds in C 2 . (It is known that µ (2) α ⊂ C 3 does not embed in C 2 , see e.g. [10] , and µ (4) α does not embed in any C n+1 for any n, see [20] .)
Before describing the main results in this paper, we shall mention briefly some known results regarding the existence of (CR) umbilical points in CR geometry, as well as some related results concerning umbilical points (of the second fundamental form) in classical geometry. In the case n ≥ 2, Webster [23] proved that a generic real ellipsoid (i.e., without spherical sections) in C n+1 has no umbilical points, which is perhaps not surprising in view of the overdetermined nature of the system of equations defining such points in the higher dimensional case. On the other hand, in the case n = 1, Huang and Ji [9] showed that every real ellipsoid in C 2 has at least 4 umbilical points. One can also show that on a compact real hypersurface of revolution (as in [24] ) in C 2 , the real curve of points where the U(1)-action (induced by revolving) degenerates to fixed points must be umbilical; this is a direct consequence of the fact that there are at most two local CR automorphisms on a three dimensional CR manifold fixing a non-umbilical point [4] ; note that a generic ellipsoid in C 2 is not a a surface of revolution. Beyond this, not much is known (at least to the best of the authors' knowledge) regarding existence of umbilical points in CR geometry.
In the theory of surfaces in R 3 , it is a classical conjecture of Carathéodory that every compact surface bounding a convex region in R 3 has at least 2 umbilical points, where a point on the surface is umbilical if the two eigenvalues of its second fundamental form are equal (or, equivalently, if the embedded surface can be osculated by a sphere to a higherthan-expected order). There is an extensive literature on this conjecture, with a proof in the real-analytic case by Hamburger [7] . While the idea in the proof of Carathéodory's Conjecture is simple, the details are very complicated. The main general tool is the Poincaré-Hopf Index Theorem, which asserts that the sum of the indices at singular points of the foliation by principal line fields (i.e., the umbilical points) equals the Euler characteristic of the surface, which implies that every surface with genus different from one must have umbilical points. (Standard embeddings of the torus have no umbilical points). To establish the Carathéodory Conjecture, it remains to show the (difficult and still open in general) local result, also known in a slightly different form as Loewner's Conjecture, that the index at an umbilical point does not exceed one. The theory of CR umbilical points on unit circle bundles over Riemann surfaces in the context of classical geometry of surfaces is discussed in Section 4 below. The main purpose of this paper is to study (CR) umbilical points on strictly pseudoconvex, three dimensional CR manifolds. We begin by formulating a special case of our main result as an existence theorem for umbilical points on compact, circular real hypersurfaces in
is contained in Ω. If M is the boundary of a complete circular domain, then it follows that U(1) acts freely on M by rotations about the origin, z → e it z for e it ∈ U(1). In particular, potential umbilical points necessarily appear as circles, orbits of U(1), in M.
Theorem 1.1. Let M be a smooth, compact hypersurface in C 2 that bounds a complete circular domain. Then the set of umbilical points on M contains at least one circle. Remark 1.2. We note that a real ellipsoid in C 2 does not bound a circular domain, unless the ellipsoid degenerates to a sphere. Nevertheless, complete circular domains occur naturally in many contexts, e.g., as the Kobayashi indicatrix, or circular model, of a convex domain; see e.g. [1] , [17] .
We now turn to the main results in this paper in the general context. These concern the existence of umbilical points on compact CR manifolds with a transverse, free CR U(1)-action (examples of which are given by the circular hypersurfaces in Theorem 1.1). The question of embeddability and deformations of such CR manifolds were investigated by, e.g., Epstein [5] , Bland-Duchamp [1] , and Lempert [18] . Thus, let M be a compact, strictly pseudoconvex, three dimensional CR manifold and assume that there is a free action of U(1) on M via CR automorphisms, such that the action is everywhere transverse to the CR tangent spaces of M; we shall refer to such an action as a transverse, free CR U(1)-action. We shall let X denote the smooth compact surface obtained by π : M → X := M/U(1). This Riemann surface can be given a complex structure by T 1,0 X := π * T 1,0 M and M can in fact be identified with the unit circle bundle in a positive holomorphic line bundle over X; see [5] for details. We note that if p ∈ M is an umbilical point, then the entire U(1)-orbit π −1 (π(p)) is umbilical. One of our main results is the following: Theorem 1.3. Let M be a compact, strictly pseudoconvex, three dimensional CR manifold with a transverse, free CR U(1)-action. If the compact surface X := M/U(1) is not a torus, then the set of umbilical points contains at least one U(1)-orbit.
The reader should recognize that Theorem 1.1 is a special case of Theorem 1.3, in which case the Riemann surface X is CP 1 (obtained by blowing up the origin in C 2 ; see also [1] ). The proof of Theorem 1.3 follows by realizing M as a unit circle bundle in a positive line bundle over X, as described in [5] , and applying our second main result, Theorem 3.1 below, which is a Poincaré-Hopf type index theorem for umbilical points on circle bundles over Riemann surfaces. We describe here the result roughly, and refer to Sections 2 and 3 for the precise statement, definitions, and further details. Let M be as in Theorem 1.3. If the umbilical points on M consist of isolated U(1)-orbits, O 1 , . . . , O n ⊂ M, we can define (roughly) an index of the umbilical orbit O k as follows: Pick a small piece of a surface in M transverse to the umbilical orbit O k , let S be a small, simple closed curve ("circle") in this surface, circling O k once, and let the index ι(O k ) be −1/2 of the topological degree of Q/|Q| : S → S 1 , where Q denotes (the complex conjugate of) Cartan's 6th order tensor (whose zero locus defines the umbilical set). The result, Theorem 3.1 below, states that the following formula holds:
where χ(X) = 2 − 2g denotes the Euler characteristic of X = M/U(1). Theorem 1.3 of course follows from this result. As in the case of Loewner's Conjecture in classical geometry, a local analysis of the indices of the umbilical orbits could potentially provide a more precise estimate for the number of umbilical orbits on M in terms of the genus of X. For instance, if the index of an umbilical orbit is always bounded above by one (as predicted in Loewner's Conjecture), then formula (2) would imply that a circular hypersurface as in Theorem 1.1 has at least two umbilical orbits. This would correspond to the Carathéodory Conjecture in classical geometry. We should mention that the authors do not know if the foliation associated with CR umbilical points is "Hessian" in a sense that would make Loewner's Conjecture itself relevant to the local study. This is discussed and explained in more detail in Section 4.2 below; see in particular Question 4.3 regarding the possible Hessian nature of the CR umbilical foliation. We note, however, that for a "generic" umbilical orbit, the index will be ±1/2 (c.f. e.g. subsection 2.2 below) and we may conclude from formula (2) that a generic circular hypersurface as in Theorem 1.1 should have at least 4 umbilical orbits. We note that formula (2) leaves open the possibility that there are CR manifolds M as in Theorem 1.3 without umbilical points, provided that the Riemann surface X is a torus. The authors do not know if there are such M without umbilical points. However, we can show that if M also possesses certain additional symmetries, then there must be umbilical points on M, even when X is a torus; this is the content of Theorem 1.4 below. We shall denote by Aut(M) the group of CR automorphisms of a CR manifold M. It is well known that Aut(M), for a compact, strictly pseudoconvex CR manifold M is a Lie group (this follows from the work of Cartan and Chern-Moser in this case; cf. also, e.g., [15] ). Our standing assumption that M has a U(1)-action implies in particular that dim R Aut(M) ≥ 1. Our final result stated in this introduction is the following: Theorem 1.4. Let M be a compact, strictly pseudoconvex, three dimensional CR manifold with a transverse, free CR U(1)-action. If dim R Aut(M) ≥ 2, then the set of umbilical points contains at least one U(1)-orbit.
Let us conclude this introduction by discussing the standing assumption in this paper that the compact CR manifold M has a U(1)-action that is free and transverse. As mentioned above, if the CR manifold M has an effective U(1)-action with fixed points (i.e., the action is not free), then these fixed points are necessarily umbilical, since the action yields a one-parameter subgroup of the stability group at such points. Consequently, in terms of proving existence of umbilical points, such existence follows from the existence of fixed points. Of course, it would be of interest to know if there must be other umbilical points as well, in addition to the fixed points.
In contrast to the condition of freeness, the condition that the U(1)-action is transverse is more subtle, as is indicated by the following example; the addition of which was inspired by a conversation with H. Jacobowitz [14] : α of Cartan's homogeneous examples (1) of compact, three dimensional CR manifolds without umbilical points can be described as a family of non-standard CR structures on the unit 3-sphere S 3 ⊂ C 2 , defined by their covering maps µ (4) α → µ α (see, e.g., [11] ; cf. also [14] ). For every α > 1, the standard action of SU(2) on S 3 ⊂ C 2 is a free action on µ 
α is non-umbilical at every point, we conclude that Theorem 1.3 does not hold without the assumption that the free U(1)-action is transverse. In addition, since dim R Aut(µ (4) α ) ≥ 2, we also note that the same is true of Theorem 1.4. This paper is organized as follows. In Section 2, we introduce Cartan's tensorQ in the context of unit circle bundles over Riemann surfaces. In Section 3, we state and prove the index formula (Theorem 3.1) for umbilical circles alluded to above. In Section 4, we discuss CR umbilical points on circle bundles in the context of eigenvector field foliations of Hessians on Riemann surfaces, with a separate discussion of the situation when the Riemann surface is a torus in Section 4.3. The proofs of the results stated in this introduction are then given in Section 5.
Preliminaries

2.1.
Strictly pseudoconvex unit circle bundles. As mentioned in the introduction, any compact strictly pseudoconvex, three dimensional CR manifold M can be realized as the unit circle in a positive holomorphic line bundle over a compact Riemann surface X, in view of a construction due to Epstein [5] . The reader is referred to this paper (especially its appendix A) for that construction. For the remainder of this paper, we shall consider only such unit circle bundles. We note here that for the considerations in this paper (existence of umbilical points) the orientation of the CR manifold M is not important, and we could work equally well in the dual, negative line bundle.
Thus, let X be a Riemann surface (complex manifold of dimension one) and π : L → M a positive holomorphic line bundle over X. We shall choose a positively curved metric (·, ·) in L and let M denote the unit circle bundle in L with respect to this metric, i.e.,
where h(z,z) = |s 0 | 2 z . The assumption that the curvature is positive,
means that M is strictly pseudoconvex. (We mention again that the orientation of M is irrelevant in our context; negative curvature would work equally well.) If we use polar coordinates τ = re it in the fibers and (z, t) ∈ C × R as local coordinates on M, then
is a contact form on M that is compatible with the CR structure, and
We shall use the notation
Thus, with
we have
The coframe (θ 0 , dz, dz) defines the CR structure on M in the standard way and any other CR coframe (θ, θ 1 , θ1) is of the form
(CCM) CR bundle [4] that can be used to pullback Cartan's "6th order" invariantQ = Q 11 . We shall in fact prefer to work with the complex conjugated invariant Q. The direct computation in [13] in a coframe (θ, θ 1 , θ1) given by (11) shows that (see pp. 126 and 140 in [13] ; but mind the complex conjugation)
where r = r(z,z) is a function explicitly computed from the function
In fact, r is obtained by applying a third order differential operator (PDO) to q (see [13] , eq. (47) on p. 126):
Recall that umbilical points on M are defined to be those where Q = 0, or equivalently r = 0. The expression (14) for identifying the umbilical locus on a rigid hypersurface (i.e., one with an infinitesimal transverse symmetry) in C 2 was also derived in [19] by using the extrinsic normal form of Chern-Moser [4] ; see also below. We observe that the function r = r(z,z) is independent of the fiber variable t, and therefore the umbilical locus of M will consist of circles π −1 (z 0 ) for z 0 ∈ X at which r = 0 (where by a slight abuse of notation we also denote by π = π| M , the restriction of π to M). We say that M has an isolated umbilical circle at z 0 ∈ X if r has an isolated zero at z 0 ; we shall refer to z 0 as the base of the umbilical circle π −1 (z 0 ). Conversely, we shall say that M is totally
umbilical on an open subset U ⊂ M if r vanishes identically on π(U). It is well known [4] that M is totally umbilical on U if and only if M is locally spherical on U, i.e., M is locally CR diffeomorphic to a standard sphere near every point in U.
We shall digress momentarily to discuss umbilical points locally on an embeddable (here, real-analytic for simplicity) three dimensional CR manifold from an extrinsic point of view.
Umbilical points and normal forms.
A real-analytic strictly pseudoconvex hypersurface M through the origin in C 2 with coordinates (z, w) can be expressed locally by a defining equation of the form
It is shown in the seminal paper by Chern and Moser [4] that such an equation can be brought to a normal form where a 22 (u) = a 32 (u) = a 33 (u) ≡ 0. In this case, the coefficient a 42 (0) represents (the complex conjugate of) Cartan's tensor Q at 0. If M has an infinitesimal CR automorphism transverse to T 1,0 p M near p (such as, e.g., a U(1)-action as considered in this paper), then M is called rigid and there are local coordinates (z, w), vanishing at p, such that M is locally defined by (15) with F (z,z, u) = F (z,z) independent of u = Re w. It may still be that in Chern-Moser normal form, the so normalized F depends on u = Re w, but as explained in [19] , one may still achieve a rigid normalization (in which we need not have the Chern-Moser normalization a 22 = a 32 = a 33 = 0)
a kl z kzl , a kl = a lk such that a 42 represents Q at p = 0. Moreover, it is shown that if we set
is represented by r = r(z,z), given by the differential operator in (14), and hence the umbilical points are given by the vanishing of this expression. Since r is independent of u = Re w, the umbilical points appear locally as unions of lines (orbits of the infinitesimal CR automorphism) u → (z 0 , u), where r(z 0 ,z 0 ) = 0. If z 0 = 0 is an isolated zero of r(z,z), then the line ℓ 0 ⊂ M parametrized by u → (0, u) is umbilical and one can define the index of this umbilical line as
where deg 0 denotes the topological degree of the mapping r/|r| from a small circle centered at z = 0 (so small that z = 0 is the only zero of r inside) to the unit circle. An equivalent definition of the index will be given in the next section in the context of a circle bundle over a Riemann surface, where the reason for the factor 1/2 becomes clear. If z = 0 is an isolated zero of r(z,z), then it is easy to see that
where D ǫ (0) is the disk {|z| < ǫ}; z = 0 is the only zero of r in D ǫ (0); a continuous branch of the logarithm is chosen along the boundary ∂D ǫ (0); and the integral is taken with respect to the positive orientation of the boundary. From this we deduce that if ℓ 0 is an isolated umbilical line with non-zero index, then any sufficiently small perturbation of r will still have zeros in D ǫ (0), and therefore M will have umbilical lines close to ℓ 0 . It is also easy to see that if r(z 0 ,z 0 ) = 0, then this is an isolated zero with index ι(ℓ 0 ) = −1/2 if |r z | > |rz| at z 0 and ι(ℓ 0 ) = 1/2 if the reverse inequality |r z | < |rz| holds. We conclude that if r has an isolated zero at z = 0, with a non-zero index ι(ℓ 0 ), then a sufficiently small, generic perturbation of r will have isolated zeros of indices ±1/2 in D ǫ (0) adding up to ι(ℓ 0 ). Further discussion of the local theory can be found, in a different context, in Section 4.2 below. We end this digression into the extrinsic point of view to note that there is a 1 : 1 correspondence between CR manifolds that are locally a unit circle bundle over a Riemann surface, given by the equation (3), and those that can be given by a rigid local equation of the form (16) , namely via τ = e −iw/2 and F = − log h (possibly with some further normalization to get F (z,z) = |z| 2 + O(|z| 4 )).
An index formula for isolated umbilical circles on compact Riemann surfaces
If we examine the transformation rule (12) for the Cartan tensor Q as we vary the CR coframe (11), we notice that there is a choice of a smooth, non-vanishing function λ that makes Q identically one near a non-umbilical point p ∈ M. Such a choice of λ yields a contact form θ = |λ| 2 θ 0 that satisfies
and the computations in [13] show that the pullback of the Cartan invariant Q using the CCM section of 1-forms (θ, θ 1 , θ1, φ = 0)) satisfies Q = 1. We note that (θ 1 , θ1) is an admissible coframe for the pseudohermitian structure ( [22] ) defined on M by θ. We further observe that the function λ = λ(z,z) satisfies
which implies that λ is unique up to parity. Since λ = λ(z,z) is independent of the fiber variable t, we may also define a (1, 0)-
This form is unique up to parity. By allowing λ to vanish when r does (i.e., at the base of umbilical circles), the equation (21) defines λ as a possibly non-smooth function with square root branching where r vanishes, and consequently we can extend ξ 1 as a doublevalued (1, 0)-form that vanishes when λ does. We obtain in this way a well-defined global section Ξ := ξ 1 ⊗ξ 1 of the square of the canonical bundle κ X ⊗κ X . The section Ξ vanishes precisely at the points z 0 where r(z 0 ,z 0 ) = 0, i.e., at the base of the umbilical circles on M.
If M has an isolated umbilical circle at z 0 ∈ X, we shall define the index of the umbilical circle π −1 (z 0 ) to be
where ξ 1 ⊗ ξ 1 = α dζ ⊗ dζ in some local coordinate ζ near z 0 and deg z 0 refers to the topological degree of α/|α| as a map of a small circle S 1 ǫ (z 0 ) := {|z − z 0 | = ǫ} to the unit circle S 1 ; the index is easily seen to be independent of the local coordinate used. In the coordinates z used above, we have of course α = λ 2 , and the index counts the number of times λ/|λ| wraps around S 1 (in the negative direction) as S 1 ǫ (z 0 ) is traversed (in the positive direction), which could be a half-integer. We have the following "Poincaré-Hopf type" index formula for isolated umbilical circles on a compact circle bundle: Theorem 3.1. Let X be a compact Riemann surface, π : L → X a holomorphic line bundle with a positively curved metric, and M the corresponding, strictly pseudoconvex unit circle bundle in L. If M has only isolated circles of umbilical points, based at z 1 , . . . , z n ∈ X, then
where χ(X) = 2 − 2g denotes the Euler characteristic of X and ι(z k ) the index of the umbilical circle at z k .
Proof. Let g be a smooth metric on X, and let Θ denote the curvature form of this metric. By the Gauss-Bonnet formula, we have
The metric g induces a hermitian metric on the square of the canonical bundle κ 2 := κ X ⊗ κ X , whose curvature form is Θ κ 2 = −2Θ. Let D ǫ (z k ) denote small disks of radius ǫ > 0 centered at the bases z k of the umbilical circles and note, by (24) and continuity of Θ κ 2 , that
where
Let us choose ǫ so small that the disks D ǫ (z k ) are disjoint and each closed disk is contained in an open set U ⊂ X with a local trivialization L| U ∼ = U × C as in Section 2 above. Recall that Ξ := ξ 1 ⊗ ξ 1 is a global, non-vanishing section of κ 2 over X ǫ , and let θ Ξ denote the metric connection form with respect to this basis over X ǫ . Then, since Θ κ 2 = dθ Ξ , we have
where the path integrals ∂Dǫ(z k ) are taken in the positive direction. Pick a k and recall that D ǫ (z k ) is contained in an open set U on which we have a local coordinate z and a local trivialization L| U ∼ = U × C. Thus, in U we have Ξ = λ 2 dz ⊗ dz and if θ 0 denotes the connection form of κ 2 with respect to dz ⊗ dz, then by the standard change of basis formula for the connection in a line bundle we have
We conclude that
since dz ⊗ dz is a non-vanishing, smooth section of κ 2 in U, and hence, Θ κ 2 = dθ 0 in U.
It is also readily seen that when z 0 is the only zero of
By substituting (29) and (28) into (26) and using that fact that, by continuity,
we conclude that
which completes the proof of the theorem in view of (25).
CR umbilics on circle bundles as umbilics of the Hessian of the Gauss curvature
In this section, we shall relate the (CR) umbilical locus on the unit circle bundle M in the holomorphic line bundle π : L → X with positively curved metric h = (·, ·) to umbilical points of the Hessian of the Gauss curvature K of the induced metric with Kähler form iΘ = −i∂∂ log h on the Riemann surface X. Recall that umbilical points on M are defined to be those where Cartan's tensor Q vanishes, or equivalently r = 0, where r = r(z,z) is given by (14) . The fact that r is independent of the fiber variable t means, as mentioned above, that the umbilical locus of M will consist of circles π −1 (z 0 ) for z 0 ∈ X at which r = 0. It will actually be convenient to express r as a fourth order partial differential operator P applied to the function u = − log a,
where we also recall a = (−DD log h) −1 so that in fact u = log(−DD log h). Our first observation is that r is essentially a second covariant derivative of the (Gauss) curvature K = K u of the metric (32) ds 2 := e 2φ |dz| 2 , 2φ := u, where as usual we have
For a smooth, real-valued function f , we shall denote by f ;z and f ;zz the first and second order covariant derivatives with respect to z (in the (1, 0) direction) in the unitary coframe e φ dz; i.e.,
A straightforward computation using (33) and (34) proves:
Proposition 4.1. If K = K u denotes the curvature of the metric given by (32) and P the fourth order PDO yielding the Cartan invariant Q via (12) and (31), then
Since K ;zz can be written K ;zz = D(e −u DK), we also obtain the "divergence form" of P :
(36) P u = e 2u D(e −u D(e −u DDu)).
Umbilical points of Hessians of functions on a Riemann surface.
We shall discuss briefly Hessians of smooth functions on a Riemann surface X to offer a slightly different perspective on CR umbilical points on circle bundles M over X. Let ds 2 be a smooth metric on X, given in a local chart z = x + iy by
Let ∇ = ∇ φ denote the metric (Levi-Civita) connection, ∇ ↑ the gradient operator on functions f ,
where we have used the notation f x for the partial derivative ∂f /∂x. The Hessian of f , with respect to the metric connection, is now defined by
which can be viewed as a linear operator on the real tangent space T X → T X, or a (1, 1)-tensor, which can be represented in the unitary coframe {dx ⊗ ∂/∂x, dx ⊗ ∂/∂y, dy ⊗ ∂/∂x, dy ⊗ ∂/∂y} as a symmetric 2 × 2 matrix
The umbilical points of the tensor H f are those where the two eigenvalues of the matrix (38) are equal (where the foliation by eigenvector fields is singular), which coincides with the points where the expression
vanishes. A straightforward calculation shows that this expression essentially coincides with the second covariant derivative of f in the z-direction,
and hence the set of umbilical points of H f consists of the locus where f ;zz = 0. We note that (40) Ξ f := f ;zz (e φ dz ⊗ e φ dz) = e 2φ f ;zz dz ⊗ dz, defines a global section of the square of the canonical bundle κ X ⊗ κ X on X. In complete analogy with Section 3, we may now define the index of an umbilical point z 0 ∈ X of the Hessian H f to be Theorem 4.2. Let X be a compact Riemann surface and f ∈ C ∞ (X, R). If the Hessian H f , with respect to any metric on X, has only isolated umbilical points at z 1 , . . . , z n ∈ X, then
where χ(X) = 2 − 2g denotes the Euler characteristic of X and ι f (z k ) the index of the umbilical point of H f at z k .
By Proposition 4.1, this theorem reduces to Theorem 3.1 for the CR umbilical circles on a circle bundle M if we choose f = K, where K denotes the Gaussian curvature of the metric on X with Kähler form −i∂∂h, itself the curvature of the metric h = (·, ·) on the positive, holomorphic line bundle π : L → X. We note that for CR umbilical points, the metric on the line bundle defines both the metric on X and the function whose Hessian is considered, resulting in a fourth order (rather than second order) partial differential operator (31) (or, equivalently, (36)) defining the CR umbilical locus. f of smooth, real-valued functions f with respect to the flat metric, such that z = 0 is an isolated umbilical point yield foliations near 0 that form a subclass of all foliations by quadratic forms Ξ = g dz ⊗ dz with an isolated zero at z = 0. In the paper [21] , the authors refer to local foliations that are given by a flat Hessian H 0 f , in some coordinate system, as "Hessian", and also show that not all local foliations are Hessian, in this sense. The index at isolated umbilical point z = 0 of a (flat) Hessian foliation is conjectured to be bounded above by one. This is known as Loewner's Conjecture: If f is a smooth function in U such that its flat Hessian H 0 f has an isolated umbilical point at z = 0 (i.e., f zz = ∂ 2 f /∂z 2 has an isolated zero at z = 0), then the index ι f (0) of this umbilical point is ≤ 1. Loewner's Conjecture is still open in general. The reader is referred, e.g., to [12] for a survey of the literature and the various approaches to this conjecture. We mention that the foliation induced by the principal line fields for embeddings of surfaces into R 3 are (flat) Hessian near its umbilical points (see, e.g., [21] ) and hence, as is well known, a proof of Loewner's Conjecture would imply, by the Poincaré-Hopf Index Theorem, that every embedding of 2-sphere into R While we do not know if the foliation corresponding to the quadratic form Ξ K is flat Hessian, we shall show, however, that the foliations given by "curved Hessians" Ξ f are not flat Hessian in general. In fact, we shall show that: For any smooth quadratic form Ξ := g dz ⊗ dz in U such that g(0) = 0, there is a smooth function f and a metric ds 2 = e 2φ |dz| 2 such that the curved Hessian form Ξ f agrees with Ξ to infinite order at z = 0. It follows, in particular, that the index of a curved Hessian foliation can be any half-integer, and, hence, the analogue of Loewner's Conjecture for curved Hessians is not true. The statement above follows immediately from the following proposition:
Proposition 4.4. Let g(z,z) be any formal power series in z andz. Then there exist real, formal power series f (z,z) and φ(z,z) such that f (z,z) = z +z + O(|z| 2 ) and
Proof. Let us decompose the power series into homogeneous terms
where H k denotes the space of homogeneous polynomials of degree k in z,z and H R k the (real) subspace consisting of those homogeneous polynomials that are real-valued. By identifying terms of degree m in (45), we find for m = 0,
and then the recursion formula
For m = 1 the sum on the right in (47) is vacuous and, as is customary, should be regarded as a zero term. Consider the real linear operator T m :
We have the following:
Proof of Lemma 4.5. We may decompose f m+2 , using the fact that f m+2 is real-valued, as follows
if m = 2n is even, and
We shall first proceed under the assumption that m = 2n + 1 ≥ 1 is odd. Substituting (50) and (52) into (53) and identifying terms of the same type z kzm+1−k , we find the following system of equations:
(n + 2)a n+2 − 4b n+1 = 0, (54)
Note that if m = 1 (i.e., n = 0) then the set of equations in (56) is vacuous. It is now straightforward to verify that any choice of b n+1 and c determines uniquely the rest of the coefficients in the system of equations (54)-(57). Also, recall that in this case, when m = 2n+ 1 is odd, the coefficient b n+1 is real. This proves Lemma 4.5 when m = 2n+ 1 is odd. The even case (starting with m = 2) is completely analogous; a n+1 and c determine uniquely the rest of the coefficients. The details in this case are left to the reader. Remark 4.6. It is also easy to describe the actual kernel of T m using the proof above. For instance, if m = 2n + 1 is odd, then ker T m is parametrized by b n+1 ∈ R and c ∈ C via (54)-(57). One notices that it is also possible to prescribe b m+1 instead of c in (57). In the even case, m = 2n, one instead prescribes a n+1 ∈ R and b m+1 ∈ C.
Lemma 4.7. The real linear operator T m :
Proof of Lemma 4.7. We note that
The conclusion of the lemma now follows immediately from Lemma 4.5.
We return to the proof of Proposition 4.4. Clearly, the equation (46) (which is an equation of complex numbers) has a unique solution for f 2 , once a choice of the real coefficient of |z| 2 has been made. Higher order terms, f m+2 and φ m+1 for m ≥ 1, are then recursively determined by (47), which is made possible by Lemma 4.7. This completes the proof of Proposition 4.4.
Remark 4.8. We note that the recursive solutions to (47) are not unique, but can be made so by using Remark 4.6. For instance, we can require b m+1 = 0 at each step, which means that φ(z,z) has no harmonic terms, and also specify the coefficient in front of |z| 2n in both f or φ (at alternate recursive steps, depending on the parity of m). This yields a unique solution. In other words, given two real power series
there is a unique solution to (44) such that φ(z,z) has no harmonic terms (i.e., φ(z, 0) = φ(0,z) = 0) and such that the |z| 2n terms of f and φ coincide with f 0 and φ 0 , respectively.
4.3.
CR umbilical points on a circle bundle over a torus. In this section, we shall discuss the case where the Riemann surface X is a torus, χ(X) = 0, in which case the index formula in Theorem 3.1 allows the possibility that there is a line bundle L with metric h such that the unit circle bundle M ⊂ L has no umbilical points. The authors have been unable to settle the question of the existence of such a circle bundle, and leave this as an open problem:
Question 4.9. Does there exist a holomorphic line bundle π : L → X over a torus X with a positively curved metric h = (·, ·) such that the unit circle bundle M ⊂ L has no umbilical points?
We shall rephrase this question in a more explicit form, and show that if the metric is assumed to have some symmetry, then the answer is 'no', i.e., the circle bundle M must still have umbilical points. Let X = C/Λ be a torus, where Λ ⊂ C is a discrete lattice (59) Λ = {m + nω : m, n ∈ Z}, for some complex number ω with Im ω = 0. If π : L → X is a holomorphic line bundle with a positively curved metric h = (·, ·), then the curvature iΘ = −i∂∂ log h is a global, positive (1, 1)-form on X, i.e., iΘ = ie u dz ∧ dz for some smooth function u(z,z), defined on C with periods 1 and ω. In a local trivialization of L| U ∼ = U × C with h(z,z) = |s| 2 z , where s is a local holomorphic, non-vanishing section of L in U, we have e u = −DD log h (denoted by a −1 in Section 2). The locus of umbilical points on M consists of the circles π −1 (z 0 ), corresponding to points z 0 ∈ C that are zeros of the function r = P u, which is smooth on C with periods 1 and ω; where P is the differential operator on C given by (31) or, equivalently in divergence form by (36). An equivalent description of the locus, by Proposition 4.1, is given by instead using the zero locus of the covariant derivative K ;zz , where K is the Gauss curvature of the metric ds 2 given by (32). Thus, if there is a unit circle bundle π : M → X = C/Λ without umbilical points, then there exists a smooth function u on C, periodic with periods 1 and ω, such that P u = 0 on C. We remark that r = P u is in fact obtained by applying a third-order differential operator to the function q = Du, and hence adding a constant to u, i.e., replacing u by u + C for some constant C, does not change the function r = P u. Conversely, it is known (e.g., [6] , Ch. 1.2) that if π : L → X = C/Λ is a positive line bundle and u(z,z) is a smooth function on C with periods 1 and ω such that
on L such that its curvature is given by iΘ = ie u dz ∧ dz. Thus, if there is a smooth function u on C with periods 1 and ω such that P u = 0 on C, then for any positive line bundle π : L → X = C/Λ, there is positively curved metric h = (·, ·) on L (obtained by replacing u by u + C, which does not change P u, to achieve (60) and following the procedure in [6] , Ch. 1.2) such that the unit circle bundle M ⊂ L has no umbilical points. As mentioned above, the authors have been unable to construct such u (which, if they exist, should be fairly "generic"), but also unable to show that they cannot exist. We therefore pose this as an open question, equivalent to Question 4.9 above:
Question 4.10. Do there exist a complex number ω with Im ω = 0 and a smooth function u = u(z,z) on C with periods 1 and ω such that P u = 0, where P is the differential operator defined by (31) or, equivalently, (36)?
We shall conclude this section by showing that the answer to this question, and consequently that of Question 4.9 is 'no' if we require some additional symmetry. More precisely, we shall prove: Proposition 4.11. Let ω be any complex number with Im ω = 0 and u = u(z,z) a smooth function on C with periods 1 and ω. If there is a real, constant vector field Y = α∂/∂x + β∂/∂y, α, β ∈ R, such that Y u = 0, then P u has zeros on C.
Remark 4.12. If the vector field Y does not have compact leaves on X = C/Λ, then of course u must be constant and consequently P u vanishes identically. Thus, the proposition is only non-trivial when Y has compact leaves, which happens precisely when α Im ω/β is rational.
Proof of Proposition 4.11. We shall use the divergence form of P u given by (36) to prove that P u must have zeros. Note that v := e −u DDu is a real-valued function, and according to (36) we have e −2u P u = D(e −u Dv). The fact that Y u = 0 (and Y has constant coefficients) implies that Y v = 0 as well. Let Y ′ be another real, constant vector field such that Y and Y ′ are linearly independent, and note that there are complex numbers a, b ∈ C such that D = aY + bY ′ . We conclude that
′ v is a smooth, real-valued function on C, periodic with periods 1 and ω (i.e., a smooth, real-valued function on the torus X = C/Λ), ψ has extreme points, at which Y ′ ψ must vanish. This completes the proof that P u must have zeros when Y u = 0.
As a consequence of this proposition, we obtain the following partial answer to Question 4.9 under the additional assumption that M has "many symmetries". Recall that Aut(M) denotes the group of CR automorphisms of a CR manifold M. Theorem 4.13. Let X = C/Λ be a torus, π : L → X a holomorphic line bundle with a positively curved metric h = (·, ·). Assume that the unit circle bundle M ⊂ L is such that Aut(M) contains a two-dimensional abelian subgroup G, which contains the U(1)-action. Then M has umbilical points.
Proof. We shall reduce the proof to an application of Proposition 4.11. We let U t be the generator of the U(1)-action and we let φ s be a generator of a 1-parameter subgroup such that U t and φ s generate the identity component of G. The fact that G is abelian means that
The arguments in the proof of Lemma 3.17 in [5] show that there is a 1-parameter subgroup ψ s of the (holomorphic) automorphism group of X such that π • φ s = ψ s • π and such that the infinitesimal generator Y of ψ s is not zero (i.e., ψ s is not constant in s).
We let (z, τ ) be coordinates in a local trivialization L| U ∼ = U ×C, as in Section 2. We may assume that z is a "global" coordinate on C such that X = C/Λ, where Λ is the discrete lattice (59) generated by 1 and ω. In these coordinates, we have U t (z, τ ) := (z, e it τ ).
Moreover, since ψ s is a 1-parameter subgroup of the holomorphic automorphism group of C/Λ, it must be of the form ψ s (z) = z+sζ for some ζ ∈ C * , and its infinitesimal generator Y is then a real, constant vector field in C; more precisely, Y = 2 Re(ζ∂/∂z). Recall that the unit sphere bundle M is given by the equation where F (z,z) = − log h(z,z); the point (z, τ ) = (0, 1) ∈ M now corresponds to (z, w) = (0, 0). Recall that φ s is a 1-parameter family of CR automorphisms and, hence in particular, local CR diffeomorphisms on M near (0, 0). It is well known that such mappings coincide with the smooth boundary values on M of local biholomorphic mappings defined on the "pseudoconvex side" of M; we shall denote, by a slight abuse of notation, these biholomorphic mappings by φ s (z, w). We may express φ s (z, w) as follows:
where g s (z, w) is a 1-parameter family of holomorphic functions that extend smoothly to M (and satisfy g 0 (z, w) = w). Using the relation (61), which holds on M, noting that U t (z, τ ) = (z, e it τ ) implies that U t (z, w) = (z, w − 2t), we conclude that
where we have parametrized M by (z, r) → (z, r + iF (z,z)), z ∈ C and r ∈ R. Differentiating with respect to t and setting t = 0, we conclude that ∂g s /∂w = 1 along M. Standard uniqueness properties of holomorphic functions implies that
where k s (z) is a 1-parameter family of holomorphic functions in z. The fact that φ s sends M to M means that we have the identity
Substituting (65) into this, we obtain
which by differentiating with respect to s, setting s = 0, and using the definition of the infinitesimal generator Y shows that Y F coincides with a harmonic function of z (namely Im ∂k s (z)/∂s| s=0 ). It follows that DDY F = 0. Recall that F = − log h and u = −DD log h, and hence we have
as claimed above. Now, it follows from Proposition 4.11 that P u must have zeros, and hence M has umbilical points. This completes the proof of Theorem 4.13.
4.4.
Locally spherical circle bundles. For completeness, we shall also briefly discuss locally spherical (totally umbilical) circle bundles. A straightforward consequence of Proposition 4.1 and a theorem of Calabi is that there are locally spherical, unit circle bundles M in every positive line bundle π : L → X over a compact Riemann surface, and these are essentially unique. Before stating this result more precisely, let us recall that if ω is a positive (1, 1)-form on X such that
then there is a unique metric (·, ·) on the positive line bundle π : L → X such that its curvature form satisfies
where c 1 (L) ∈ H 2 (X, Z) as above denotes the first Chern class of L. Also, recall that on a compact Riemann surface of genus g, there is a unique metric, normalized so that X has unit area, for which the curvature is constant, K = 2 − 2g = χ(X).
Theorem 4.14. Let X be a compact Riemann surface and let ω 0 denote the Kähler form of the constant curvature metric on X, normalized so that X has unit area. If π : L → X is a positive holomorphic line bundle on X, then the unit sphere bundle M with respect to a positively curved metric (·, ·) on L is locally spherical if and only if the curvature form of the metric satisfies
where c 1 (L) ∈ H 2 (X, Z) denotes the first Chern class of L.
Proof. If we unwind the definitions in the preliminaries above, we see that in the local trivialization the curvature of a metric (·, ·) on L is given by
where ω is the Kähler form of the metric ds 2 := e 2φ |dz| 2 , 2φ := − log a = u.
By Proposition 4.1, the umbilical locus on M, projected on X, coincides with the zero locus of K ;zz , where K is the curvature of ds 2 . Thus, M is locally spherical if and only if K ;zz vanishes identically on X.
The proof that (68) implies that M is locally spherical is now immediate, since the corresponding K, by definition, is constant and, hence, K ;zz ≡ 0. The converse follows also immediately from a theorem of Calabi, Theorem 3.1 in [2] , which asserts that the only solutions to the equation K ;zz = 0 on a compact Riemann surface are the constant curvature metrics.
Proofs of the main results
In this section, we complete the proofs of the results stated in the introduction. We first remind the reader that a compact, strictly pseudoconvex, three-dimensional CR manifold with a transverse, free CR U(1)-action is CR equivalent to a unit circle bundle M in a holomorphic line bundle π : L → X ∼ = M/U(1) with a positively curved metric h = (·, ·); see [5] , Lemma A4. Consequently, Theorem 1.3 follows immediately from Theorem 3.1. Next, a circular hypersurface M in C 2 as in Theorem 1.1 clearly has a transverse, free CR U(1)-action and in this case X = CP 1 . Indeed, such M can be realized as a unit circle bundle over CP 1 explicitly by blowing up the origin in C 2 ; see e.g. [1] . Consequently, Theorem 1.1 follows from Theorem 1.3. We are left with proving Theorem 1.4.
Proof of Theorem 1.4. In view of Theorem 1.3, it suffices to prove Theorem 1.4 under the assumption that X ∼ = M/U(1) is a torus. Let Aut 0 (M) denote the identity component of Aut(M). If Aut 0 (M) is non-compact, then M is CR equivalent to the standard sphere [16] , and is hence totally umbilical (and also cannot be a circle bundle over a torus). Thus, we may assume that Aut 0 (M) is compact. We identify two cases:
1. dim R Aut 0 (M) ≥ 3. In this case, it follows from the work of E. Cartan [3] that M is homogeneous and must be on his "classification list". As mentioned in the introduction, the only compact, non-umbilical homogeneous CR manifolds in Cartan's classification are µ α and their covers. Neither can be a unit circle bundle over a torus for topological reasons (since their fundamental groups are finite). 2. dim R Aut 0 (M) = 2. A compact, connected Lie group G = Aut 0 (M) of dimension 2 is necessarily abelian. This is well known, but the authors have been unable to find a direct reference for this statement, and therefore sketch here briefly a proof for the reader's convenience. First, we note that there are only two Lie algebras, up to isomorphism, of dimension 2, namely the abelian one g 1 and another g 2 that can be generated by elements ξ 1 , ξ 2 with [ξ 1 , ξ 2 ] = ξ 2 . Next, any compact, connected Lie group G is unimodular [8] , which implies that the differential of the modular function vanishes, i.e., tr ad ξ = 0 for all ξ in the Lie algebra g. Now, clearly we have tr ad ξ = 0 for ξ = ξ 1 ∈ g 2 as above. We conclude that the Lie algebra of a 2-dimensional compact, connected Lie group G is isomorphic to g 1 and hence G is abelian. The conclusion of the theorem now follows from Theorem 4.13 above.
These two cases exhaust the remaining possibilities and hence Theorem 1.4 is proved.
